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THE COMPLEX OF END REDUCTIONS
OF A CONTRACTIBLE OPEN 3-MANIFOLD:
CONSTRUCTING 1-DIMENSIONAL EXAMPLES
ROBERT MYERS
Dedicated to Fico Gonza´lez-Acun˜a in honor of his 60th birthday
Abstract. Given an irreducible, contractible, open 3-manifoldW
which is not homeomorphic to R3, there is an associated simplicial
complex S(W ), the complex of end reductions of W . Whenever
W covers a 3-manifold M one has that pi1(M) is isomorphic to a
subgroup of the group Aut(S(W )) of simplicial automorphisms of
S(W ).
In this paper we give a new method for constructing examples
W with S(W ) isomorphic to a triangulation of R. It follows that
any 3-manifold M covered by W must have pi1(M) infinite cyclic.
We also give a complete isotopy classification of the end reductions
of these W .
1. Introduction
A Whitehead manifold W is an irreducible, contractible, open 3-
manifold which is not homeomorphic to R3. Given a compact 3-
manifold J in W which is not contained in a 3-ball in W Brin and
Thickstun [1] defined a certain open submanifold V of W called an
end reduction of W at J . End reductions are rather nicely behaved
but badly embedded manifolds which have certain interesting engulf-
ing and homotopy theoretic properties and are unique up to isotopy
with respect to these properties.
In [12] the author showed how to associate to the set of isotopy classes
of end reductions ofW a certain abstract simplicial complex S(W ) with
the following properties. Every self-homeomorphism of W induces an
automorphism of S(W ). Whenever W is a non-trivial covering space of
a 3-manifold M each non-trivial element of the group pi1(M) of cover-
ing translations acts without fixed points on S(W ). Thus information
about S(W ) gives information about what 3-manifolds W can cover.
This research was partially supported by NSF Grant DMS-0072429.
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This complex seems particularly useful whenW isR2-irreducible, i.e.
when W contains no “non-trivial” planes. In [12] the author consid-
ered an uncountable collection of R2-irreducible Whitehead manifolds
which are modifications of an example due to Scott and Tucker [13].
He showed that each of these manifolds has S(W ) isomorphic to a
triangulation of the real line. It follows that each 3-manifold which
is non-trivially covered by one of these 3-manifolds must have infi-
nite cyclic fundamental group, and in fact there are uncountably many
which do cover such manifolds.
These “modified Scott-Tucker manifolds” are easy to describe, but
the proof that their complexes of end reductions have the stated form
is rather lengthy. In the present paper we give a different method
for constructing examples of R2-irreducible Whitehead manifolds W
which cover 3-manifolds M with pi1(M) ∼= Z and have S(W ) a trian-
gulation of R. This method has the advantage that the proof is much
shorter. In addition we are able to classify all the end reductions of
these examples. For the modified Scott-Tucker manifolds we were able
to classify only those which are R2-irreducible (which is sufficient to
determine the complex). This gives the first R2-irreducible Whitehead
manifolds (other than those of genus one) for which the entire set of
end reductions is known.
The methods of this paper can also be used to construct R2-irredu-
cible Whitehead manifolds which cover 3-manifolds with non-Abelian
free fundamental groups and can cover only 3-manifolds with free fun-
damental groups. This will be the subject of a later paper.
The paper is organized as follows. In section 2 we give general back-
ground information and terminology. In section 3 we state those prop-
erties of end reductions we will need. In section 4 we prove the existence
of graphs in the 3-ball having certain properties that we will need in our
construction. In section 5 we prove the main technical result needed
to determine the end reductions of our examples. It is a condition
on the embedding of one handlebody in the interior of another which
ensures that any knot in the smaller handlebody which meets certain
compressing disks for the boundary of the smaller handlebody in an
essential way must meet all the compressing disks for the boundary of
the larger handlebody. This result may be of some independent inter-
est. In section 6 we give our basic construction of the examples W . In
section 7 we prove some of their important properties. In section 8 we
determine S(W ). In section 9 we show how to modify the construction
to get uncountably many such W .
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2. Background
In general we follow [5] or [6] for basic 3-manifold terminology. One
slight difference is our use of the term ∂-incompressible. This is usually
reserved for surfaces F which are properly embedded in a 3-manifold
M . We extend this to the case where F is a surface in ∂M as follows.
F is ∂-incompressible if whenever ∆ is a properly embedded disk in
M with ∆ ∩ F an arc α and ∆ ∩ (∂M − F ) an arc β, then α must be
∂-parallel in F .
When X is a submanifold of Y we denote the topological interior of
X by IntX and the manifold interior of X by intX . The exterior of
X is the closure of the complement of a regular neighborhood of X in
Y . This term is also applied to the case of a graph Γ in Y . The regular
neighborhood is denoted N(Γ, Y ). A meridian of an edge γ of Γ is
the boundary of a properly embedded disk in N(Γ, Y ) which meets γ
transversely in a single point.
A sequence {Cn}n≥0 of compact, connected 3-manifolds Cn in a
Whitehead manifold W such that Cn ⊆ int Cn+1 and W − int Cn
has no compact components is called a quasi-exhaustion in W . If
∪n≥0Cn =W , then it is called an exhaustion for W .
The genus of {Cn}n≥0 is the maximum of the genera of ∂Cn or ∞ if
these genera are unbounded. The genus of W is the minimum of the
genera of its exhaustions.
A plane Π in W is proper if for each compact K ⊆ W one has that
K ∩ Π is compact. A proper plane Π is trivial if some component of
W − Π has closure homeomorphic to R2 × [0,∞). W is R2-irreduci-
ble if every proper plane in W is trivial. Every genus one Whitehead
manifold is R2-irreducible [9].
A compact 3-manifold Y is weakly anannular if every properly em-
bedded incompressible annulus in Y has its boundary in a single com-
ponent of ∂Y .
Lemma 2.1. Suppose that for each compact K ⊆ W there is a quasi-
exhaustion for W such that
(1) each Cn is irreducible,
(2) each ∂Cn is incompressible in W − int Cn,
(3) each Cn+1−int Cn is irreducible, ∂-irreducible, and weakly anan-
nular, and
(4) K ⊆ C1.
Then W is R2-irreducible.
Proof. This is Lemma 10.3 of [12], which derives from Lemma 4.2 of
Scott and Tucker [13]. 
4 ROBERT MYERS
3. End reductions
In this section we collect some information about end reductions and
define the complex of end reductions S(W ) of a Whitehead manifold
W .
A compact, connected 3-manifold J in W is regular in W if W − J
is irreducible and has no component with compact closure. Since W
is irreducible the first condition is equivalent to the statement that J
does not lie in a 3-ball in W . A quasi-exhaustion {Cn}n≥0 in W is
regular if each Cn is regular in W .
Let J be a regular 3-manifold inW , and let V be an open subset ofW
which contains J . We say that V is end irreducible rel J in W if there
is a regular quasi-exhaustion {Cn}n≥0 in W such that V = ∪n≥0Cn,
J = C0, and ∂Cn is incompressible in W − int J for all n ≥ 0. We say
that V has the engulfing property rel J in W if whenever N is regular in
W , J ⊆ intN , and ∂N is incompressible in W − J , then V is ambient
isotopic rel J to V ′ such that N ⊆ V ′. V is an end reduction of W at
J if V is end irreducible rel J in W , V has the engulfing property rel
J in W , and no component of W − V has compact closure.
Theorem 3.1 (Brin-Thickstun). Given a regular 3-manifold J in W ,
an end reduction V of W at J exists and is unique up to non-ambient
isotopy rel J in W .
Proof. This constitutes Theorems 2.1 and 2.3 of [1]. 
It may help the reader’s intuition about V to see a brief sketch of its
construction. We begin with a regular exhaustion {Kn}n≥0 of W with
K0 = J . Set K
∗
0 = K0. If ∂K1 is incompressible inW−J set K
∗
1 = K1.
Otherwise we “completely compress” ∂K1 inW−K∗0 to obtain K
∗
1 . We
may assume that K∗1 ⊆ intK2. If ∂K2 is incompressible in W − J we
set K∗2 = K2. Otherwise we completely compress ∂K2 inW−K
∗
1 to get
K∗2 . We continue in this fashion to construct a sequence {K
∗
n}n≥0. We
let V ∗ = ∪n≥0K∗n and then let V be the component of V
∗ containing
J .
Proposition 3.2. Let V be an end reduction of W at J . Then the
following hold:
(1) (Brin-Thickstun) If J ′ is regular in W , J ⊆ int J ′, J ′ ⊆ V , and
∂J ′ is incompressible in W − J , then V is an end reduction of
W at J ′.
(2) There is a knot κ in int J such that V is an end reduction of
W at (a regular neighborhood of) κ.
(3) V is a Whitehead manifold.
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Proof. (1) is Corollary 2.2.1 of [1]. (2) is Lemma 2.4 of [12]. (3) is
Lemma 2.6 of [12]. 
An end reduction V of W at J is minimal if whenever U is an end
reduction of W at K and U ⊆ V , then there is a non-ambient isotopy
of U to V in W . It is easily seen that genus one end reductions are
minimal; recall that they are also R2-irreducible.
In [14] Tucker constructed a 3-manifoldW0 whose interior and bound-
ary are homeomorphic, respectively, to R3 and R2 but which is not
homeomorphic to R2 × [0,∞). W0 is a monotone union of solid tori
which meet ∂W0 in a monotone union of disks. It can be shown that
the double of W0 along its boundary is a Whitehead manifold which is
a minimal end reduction of itself but is not R2-irreducible.
In [12] and this paper examples are given of R2-irreducible White-
head manifolds having R2-irreducible end reductions which are not
minimal.
If V is an end reduction of W , then we denote the non-ambient
isotopy class of V in W by [V ]. These isotopies are not required to
be rel J . From now on we will usually drop the phrase “non-ambient”
from “non-ambient isotopy”. The vertices of S(W ) are those [V ] for
which V is minimal and R2-irreducible.
Distinct vertices [V0] and [V1] are joined by an edge if there is an
R2-irreducible end reduction E0,1 of W such that (1) E0,1 contains
representatives of [V0] and [V1], (2) every R
2-irreducible end reduction
ofW contained in E0,1 is isotopic in W to V0, V1, or E0,1, and (3) [E0,1]
is unique among R2-irreducible end reductions of W with respect to
(1) and (2).
Three distinct vertices [V0], [V1], and [V2] span a 2-simplex of S(W ) if
each pair of vertices is joined by an edge and there is an R2-irreducible
end reduction T0,1,2 of W such that (1) T0,1,2 contains representatives
of each [Vi] and [Ei,j], (2) every R
2-irreducible end reduction of W
contained in T0,1,2 is isotopic in W to one of the Vi or Ei,j or to T0,1,2,
(3) [T0,1,2] is unique among R
2-irreducible end reductions of W with
respect to (1) and (2).
There is an obvious generalization of these definitions which induc-
tively defines simplices of higher dimensions.
Let Homeo(W ) denote the group of self-homeomorphisms ofW . Let
Aut(S(W )) denote the group of simplicial automorphisms of S(W ).
Each g ∈ Homeo(W ) induces a γ ∈ Aut(S(W )). Let Ψ : Homeo(W )→
Aut(S(W )) be the homomorphism given by Ψ(g) = γ.
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Theorem 3.3. If W is a non-trivial covering space of a 3-manifold
M with group of covering translations G ∼= pi1(M), then the restriction
Ψ|G : G→ Aut(S(W )) is one to one.
Proof. This is Theorem 17.1 of [12]. 
Corollary 3.4. If S(W ) is isomorphic to a triangulation of R, then
pi1(M) ∼= Z.
Proof. pi1(M) must be torsion-free. The only non-trivial torsion-free
subgroups of the infinite dihedral group Aut(S(W )) are infinite cyclic.

4. Some poly-excellent graphs in the 3-ball
A compact, connected, orientable 3-manifold is superb if it is irre-
ducible, ∂-irreducible, and anannular, it contains a two-sided, properly
embedded incompressible surface, and it is not a 3-ball. It is excellent if,
in addition, it is atoroidal. In this paper superb 3-manifolds which are
not excellent will occur only in the last section. A compact, properly
embedded 1-manifold in a compact, connected, orientable 3-manifold
is superb or excellent if its exterior is, respectively, superb or excellent.
It is poly-superb or poly-excellent if for each non-empty collection of
its components the union of that collection is, respectively, superb or
excellent.
Define a k-tangle to be a disjoint union of k properly embedded arcs
in a 3-ball.
Lemma 4.1. For all k ≥ 1 poly-excellent k-tangles exist.
Proof. This is Theorem 6.3 of [11]. 
In this section we generalize this to certain graphs in the 3-ball. For
n ≥ 2 define an n-frame F to be a graph having one vertex of degree n
and n vertices of degree one; thus it is the cone on a set of n points. A
subframe of F is a subgraph of F which is an m-frame for some m ≥ 2.
Note that a single edge of F is not a subframe of F .
F is properly embedded in a 3-ball B if F ∩ ∂B is the set of vertices
of F of degree one. A system of frames in B is a disjoint union F of
finitely many properly embedded ni-frames Fi in B. We say that F is
superb or excellent if its exterior is, respectively, superb or excellent.
It is poly-superb or poly-excellent if every non-empty subgraph of F
whose components are subframes of the components of F is, respec-
tively, superb or excellent. Note that the subgraph need not meet every
component of F .
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Theorem 4.2. Let k ≥ 1. Suppose n1 ≥ 2. If k ≥ 2 assume that
ni = 2 for 2 ≤ i ≤ k. Then there exists a poly-excellent system F of
ni-frames Fi in the 3-ball B.
In this paper we will need only the case n1 = 3, but it is no harder
to prove for n1 > 3.
We will need the following lemma for gluing together superb or
excellent 3-manifolds to obtain a superb or, respectively, excellent 3-
manifold.
Lemma 4.3. Let Y be a compact, connected, orientable 3-manifold.
Let S be a compact, properly embedded, two-sided surface in Y . Let Y ′
be the 3-manifold obtained by splitting Y along S. Let S ′ and S ′′ be the
two copies of S which are identified to obtain Y . If each component of
Y ′ is superb (respectively excellent), S ′, S ′′, and (∂Y ′) − int (S ′ ∪ S ′′)
are incompressible in Y ′, and each component of S has negative Euler
characteristic, then Y is superb (respectively excellent).
Proof. In the excellent case this is Lemma 2.1 of [10]. The superb case
follows from the proof of that lemma. 
Proof of Theorem 4.2. By Lemma 4.1 we may assume that n1 ≥ 3.
We first prove the case k = 1. Let n = n1. Let (ρ, θ, φ), ρ ≥
0, 0 ≤ θ ≤ 2pi, 0 ≤ φ ≤ pi, be spherical coordinates in R3. We
regard B as the set ρ ≤ 2. Let B′ be the set ρ ≤ 1. Let Σ be the
spherical shell B − intB′. The n halfplanes θ = 0, 2pi/n, . . . , 2pi(n −
1)/n meet Σ in disks D0, D1, . . . , Dn−1 whose union cuts Σ into 3-balls
B0, B1, . . . , Bn−1, where ∂Bj = Dj ∪Dj+1 ∪ Ej ∪ E ′j (subscripts taken
mod n), where Ej = Bj ∩ ∂B and E
′
j = Bj ∩ ∂B
′. We may think of
Σ as a cantaloupe which has been cut into n wedge shaped slices and
whose seeds have been removed. See Figure 1 for a schematic diagram
of the following construction.
In each Bj we choose a poly-excellent (n + 1)-tangle αj,0 ∪ αj,1 ∪
· · · ∪ αj,n. We require (taking the subscript j mod n) that αj,0 runs
from intEj to intDj+1, αj,p runs from intDj to intDj+1 for 1 ≤ p ≤
n− 1, and αj,n runs from intDj to intE ′j . In addition we require that
αj,p ∩ Dj+1 = αj+1,p+1 ∩ Dj+1. We then let βj = αj,0 ∪ αj+1,1 ∪ · · · ∪
αj−1,n−1∪αj,n. The βj are disjoint arcs each of which joins ∂B to ∂B′ in
Σ. We may think of regular neighborhoods of the βj as tunnels eaten
out of the cantaloupe by n worms who start on the outside and eat
their way to the seed chamber in such a way that they each wind all
the way around the cantaloupe, passing through every slice from one
side to the other while coordinating their movements so that the union
of the tunnels in each slice is poly-excellent.
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Figure 1. The cantaloupe trick
The exterior in Σ of the union of the βj is equal to the exterior in
B of an n-frame F . We claim that F is poly-excellent. Let F ′ be an
m-frame which is a subframe of F . Let Xj be the exterior of F
′ ∩ Bj,
and let Sj = Xj ∩ Dj . Each Xj is excellent. Since m ≥ 2 we have
that F ′ meets each Dj at least twice. Thus χ(Sj) < 0. Since no arc
αj,p joins Dj to itself or Dj+1 to itself we have that Sj and Sj+1 are
each incompressible in Xj. Since Xj is ∂-irreducible and neither Sj
nor Sj+1 is a disk we have that ∂Xj − int Sj and ∂Xj − int Sj+1 are
incompressible in Sj . By successive applications of Lemma 4.3 we get
that X ′0 = X1∪· · ·∪Xn−1 is excellent. Now X0 and X
′
0 are glued along
the surface S0∪S1, which is a disk with 2m+1 holes. We may assume
that F ′ meets E0 and E
′
0. ∂X0 − int (S0 ∪ S1) is the disjoint union
of m + 1 annuli. Since X0 is ∂-irreducible it follows that S0 ∪ S1 and
∂X0−int (S0∪S1) are incompressible in X0. Now ∂X ′0−int (S0∪S1) is
the disjoint union of an annulus and two disks with m− 1 holes. Since
X ′0 is ∂-irreducible it follows that S0 ∪ S1 and ∂X
′
0 − int (S0 ∪ S1) are
incompressible in X ′0. So by Lemma 4.3 the exterior X0 ∪ X
′
0 of F
′ is
excellent.
We next prove the case k > 1. We modify the construction of the
previous case as follows. In B0 we choose a poly-excellent (n+k)-tangle
αj,0 ∪ αj,1 ∪ · · · ∪ αj,n ∪ γ2 ∪ · · · ∪ γk, where each γq runs from intE0 to
itself. The α0,p have the same properties as before. There is no change
in the Bj for j 6= 0. Each γq is an arc and hence can be regarded as a
2-frame. The proof of poly-excellence works much as before. The only
notable difference is that if the n1-frame is deleted, then B is the union
of B0 and a 3-ball along the disk S0 ∪ S1 ∪ E ′0, and so γ2 ∪ · · · ∪ γk is
poly-excellent in B. 
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5. Disk busting knots in handlebodies
In this section we consider a knot κ in the interior of a handlebody
C which is embedded in the interior of a handlebody Ĉ. We assume
that C and Ĉ each have genus at least one. Let D be a disjoint union
of finitely many properly embedded disks in C such that D splits C
into a collection of 3-balls and no component of D is ∂-parallel in C.
We say that κ is D-busting if no compressing disk for ∂C in C − κ has
the same boundary as a component of D. We give conditions on the
embedding of C in Ĉ which insure that if κ is D-busting in C, then it
is disk busting in Ĉ, by which we mean that ∂Ĉ is incompressible in
Ĉ − κ.
An n-pod is a pair (B,P ) consisting of a 3-ball B and a disjoint
union P of n disks in ∂B. The components of P are called the feet
of the n-pod. For n = 2 or n = 3 we use the term bipod or tripod,
respectively.
Two compact, properly embedded surfaces S and T in a 3-manifold
are in minimal general position if they are in general position and
among all such surfaces S ′ isotopic to S one has that S ∩ T has the
fewest components.
Lemma 5.1. Let Ĉ be a handlebody of genus at least one. Let Ê be
a disjoint union of properly embedded disks in Ĉ which splits Ĉ into a
union (B̂, P̂) of bipods and tripods. Let κ be a knot in int Ĉ which is
in general position with respect to Ê. Let (κ′, ∂κ′) be the 1-manifold in
(B̂, P̂) obtained by splitting κ along κ ∩ Ê. Suppose that
(1) P̂ − κ′ is incompressible in B̂ − κ′,
(2) P̂ − κ′ is ∂-incompressible in B̂ − κ′, and
(3) each foot of (B̂, P̂) meets κ′.
Then κ is disk busting in Ĉ.
Proof. Suppose D is a compressing disk for ∂Ĉ in Ĉ − κ. Put D in
minimal general position with respect to Ê − κ.
Suppose D ∩ (Ê − κ) contains a simple closed curve γ. We may
assume that γ is innermost on D, so γ = ∂∆ for a disk ∆ in D with
∆∩ (Ê − κ) = γ. By (1) γ = ∂∆′ for a disk ∆′ in P̂ − κ′. Then ∆∪∆′
is a 2-sphere which bounds a 3-ball in B which by (3) misses κ′. Thus
there is an isotopy of D in Ĉ − κ which removes at least γ from the
intersection, thereby contradicting minimality.
Now suppose thatD∩(Ê −κ) has a component α which is an arc. We
may assume that α is outermost on D, so there is an arc β in ∂D such
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that ∂α = ∂β and α∪β = ∂∆ for a disk ∆ in D with ∆∩ (Ê −κ) = α.
By (2) there is a disk ∆′ in P̂ − κ′ and an arc α′ in ∂P̂ such that
α ∩ α′ = ∂α = ∂α′ and ∂∆′ = α ∪ α′. Then ∆ ∪ ∆′ is a disk with
∂(∆ ∪ ∆′) = α′ ∪ β. By (1) and (3) α′ ∪ β = ∂∆′′ for a disk ∆′′ in
∂B̂ − Int P̂ . We have that ∆∪∆′ ∪∆′′ is a 2-sphere bounding a 3-ball
in B̂ which by(3) misses κ′. Thus there is an isotopy of D in Ĉ − κ
which removes at least α from the intersection, thereby contradicting
minimality.
We now have that D ∩ (Ê − κ) = ∅, so D lies in some component of
B̂. If ∂D does not bound a disk in ∂B̂−Int P̂ , then it is parallel in this
surface to a component of ∂P̂ , thereby contradicting (1) and (3). 
An n-pod (B,P ) is properly embedded in an m-pod (B̂, P̂ ) if B ⊆
B̂ and B ∩ ∂B̂ = B ∩ int P̂ = P . Note that (B,P ) is a regular
neighborhood of an n-frame in B̂.
Lemma 5.2. Let (B̂, P̂ ) be a bipod or tripod. Let (B,P) be a disjoint
union of bipods and tripods properly embedded in (B̂, P̂ ). Let λ be
a disjoint union of finitely many arcs properly embedded in B with
λ ∩ ∂B = ∂λ ⊆ intP. Suppose that
(i) P − λ is incompressible in B − λ,
(ii) P − λ is ∂-incompressible in B − λ,
(iii) each foot of P meets λ
(iv) each foot of P̂ meets P,
(v) ∂B− intP and P̂ − intP are incompressible in B̂− IntB, and
(vi) if (B̂, P̂ ) is a tripod, then P̂ − intP is ∂-incompressible in B̂−
IntB,
(vii) if any component of (B,P) is a tripod, then B̂ − IntB is ∂-ir-
reducible.
Then
(1) P̂ − λ is incompressible in B̂ − λ,
(2) P̂ − λ is ∂-incompressible in B̂ − λ, and
(3) each foot of P̂ meets λ.
Proof. Suppose D is a compressing disk for P̂ − λ in B̂ − λ. Put D in
minimal general position with respect to ∂B − intP.
Suppose D ∩ (∂B − intP) has a simple closed curve component γ.
We may assume that γ is innermost on D, so γ = ∂∆ for a disk ∆ in
D with ∆ ∩ (∂B − intP) = γ.
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If ∆ lies in B − λ, then it follows from (i) and (iii) that γ = ∂∆′ for
a disk ∆′ in ∂B − intP. Then ∆ ∪ ∆′ is a 2-sphere which bounds a
3-ball in B which misses λ, so there is an isotopy of D in B̂ − λ which
removes at least γ from the intersection, contradicting minimality.
If ∆ lies in B̂ − IntB, then by (v) there is a disk ∆′ in ∂B̂ − intP
such that γ = ∂∆′. Then ∆∪∆′ is a 2-sphere which bounds a 3-ball in
B̂ − IntB which misses λ, so there is an isotopy of D in B̂ − λ which
removes at least γ from the intersection, contradicting minimality.
Thus there are no simple closed curve components. Suppose there is
a component α which is an arc. We may assume that α is outermost
on D, so there is an arc β in ∂D such that ∂α = ∂β and α ∪ β = ∂∆
for a disk ∆ in D with ∆ ∩ (∂B − intP) = α.
If ∆ lies in B − λ, then β lies in P − λ. By (ii) there is a disk ∆′ in
P−λ and an arc β ′ in ∂P such that β∩β ′ = ∂β = ∂β ′ and ∂∆′ = β∪β ′.
Then ∆ ∪∆′ is a disk with ∂(∆ ∪∆′) = α ∪ β ′. By (i) and (iii) there
is a disk ∆′′ in ∂B − intP with ∂∆′′ = α ∪ β ′. Then ∆ ∪ ∆′ ∪ ∆′′ is
a 2-sphere which bounds a 3-ball in B that misses λ. Thus there is an
isotopy of D in B̂ − λ which removes at least γ from the intersection,
contradicting minimality.
If ∆ lies in B̂ − IntB, the β lies in P̂ −P.
Suppose the component (B,P ) of (B,P) containing α is a bipod.
Assume that α joins the two feet of (B,P ). Since β lies in P̂ − P
these two feet must lie in the same foot of (B̂, P̂ ). Let N be a regular
neighborhood of B ∪∆ in B̂. Then N is a 3-ball such that N ∩ ∂B̂ =
N ∩ P̂ and is a disk Ê. The disk ∂N − int Ê is therefore a compressing
disk for P̂ − intP in B̂ − IntP, contradicting (v).
Thus ∂α lies in a single foot of (B,P ). Then there is a disk ∆′ in
∂B− int P with ∂∆′ = α∪α′, where α′ is an arc in ∂P with ∂α = ∂α′.
So ∆ ∪ ∆′ is a disk in B̂ − IntB with ∂(∆ ∪ ∆′) = α′ ∪ β. By (v)
there is a disk ∆′′ in P̂ − intP with ∂∆′′ = α′ ∪ β. Then ∆ ∪∆′ ∪∆′′
is a 2-sphere bounding a 3-ball in B̂ which misses λ. Thus there is an
isotopy of D in B̂ − κ which removes at least α from the intersection,
contradicting minimality.
Suppose the component (B,P ) of (B,P) containing α is a tripod.
By (vii) there is a disk ∆′ in ∂(B̂ − IntB) such that ∂∆′ = ∂∆. Since
each component of ∂P is a non-separating curve on ∂(B̂ − IntB) we
must have that ∂β lies in a single component of ∂P. Moreover ∆′ is
the union of a disk in ∂B − IntP and a disk in P̂ − intP which meet
along an arc in ∂P, and ∆ ∪ ∆′ is a 2-sphere bounding a 3-ball in B̂
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which misses λ. Thus there is an isotopy of D in B̂− λ which removes
at least α from the intersection, contradicting minimality.
So we have that D misses ∂B − intP. If D lies in B − λ, then by (i)
∂D = ∂D′ for a disk D′ in P − λ. If D lies in B̂ − IntB, then by (v)
∂D = ∂D′ for a disk D′ in P̂ − intP. This completes the proof of (1).
Now suppose that D is a ∂-compressing disk for P̂ −λ in B̂−λ. We
have that ∂D = γ ∪ δ for arcs γ in P̂ − λ and δ in ∂B̂ − int P̂ . Put
D in minimal general position with respect to ∂B − intP. As in the
proof of (1) we may assume that no component of the intersection is a
simple closed curve.
Suppose the intersection has a component α which is an arc. We
may assume that α is outermost with respect to δ, by which we mean
that there is a disk ∆ in D and an arc β in γ wuch that ∂α = ∂β,
∂∆ = α ∪ β, and ∆ ∩ (∂B − intP) = α. The analysis of ∆ now
proceeds as in the proof of (1), and we again contradict minimality.
So D misses ∂B − int P , and D lies in B̂ − IntB. By (v) and (vi)
∂D = ∂D′ for a disk D′ in ∂(B̂ − IntB). Since each component of ∂P
is non-separating in ∂(B̂ − IntB) we have that D′ ∩ P is a disk. This
completes the proof of (2).
(3) follows from (iii) and (iv). 
A disjoint union of ni-pods (Bi, Pi) properly embedded in an m-pod
(B̂, P̂ ) is poly-superb or poly-excellent if the corresponding union of
ni-frames is, respectively, poly-superb or poly-excellent.
We suppose now that Ê is a disjoint union of properly embedded
disks in Ĉ which splits Ĉ into a union (B̂, P̂) of bipods and tripods.
These bipods and tripods and their feet are called big. We assume that
Ê ∩ C is a union E of properly embedded disks in C which splits C
into a union (B,P) of bipods and tripods. These bipods and tripods
and their feet are called small. Let D be a union of components of E .
Suppose κ is a knot in int C which is D-busting. A small foot is called
hot if it is parallel in C to a component of D. It is warm if there is
no compressing disk for ∂C in C − κ which has the same boundary. It
is cold if there is such a compressing disk. Note that every hot foot is
warm.
Proposition 5.3. Suppose that for each big bipod or tripod (B̂, P̂ )
(1) each big foot of (B̂, P̂ ) contains a small warm foot of (B̂, P̂ ) ∩
(B,P), and
(2) either
(a) (B̂, P̂ ) ∩ (B,P) is poly-superb, or
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(b) (B̂, P̂ ) is a bipod, (B̂, P̂ ) ∩ (B,P) consists of bipods, and
each of these small bipods meets each of the two big feet of
(B̂, P̂ ).
Then every D-busting knot κ in C is disk busting in Ĉ.
Proof. Suppose κ is D-busting in C. Isotop κ in C so that it is in
minimal general position with respect to E . We will show that after
possibly modifying (B,P) we will have that for each big bipod or tripod
(B̂, P̂ ) it is the case that (B̂, P̂ ) ∩ (B,P) satisfies the hypotheses of
Lemma 5.2 with λ = κ ∩ B̂. Note that we do not require that the
components of the modified (B,P) match up along Ê to give a new
handlebody in Ĉ.
So let (B̂, P̂ ) be a big bipod or tripod.
Suppose we are in case 2(a).
Consider a small bipod (B,P ) in (B̂, P̂ )∩ (B,P). If λ∩B = ∅, then
we discard (B,P ) from (B,P) to obtain a new poly-superb system. If
λ ∩ B 6= ∅, then by minimality λ meets each small foot of (B,P ) and
P −λ is incompressible in B−λ. Since (B,P ) is a bipod we then have
that P − λ is ∂-incompressible in B − λ.
Consider a small tripod (B,P ). If λ∩B = ∅, then we discard (B,P )
from (B,P) to obtain a new poly-superb system. If λ∩B 6= ∅, then by
minimality λ meets at least two small feet of (B,P ).
Suppose λ misses the third small foot. Then we push that foot
slightly into int B̂ to obtain a bipod. This gives a new poly-superb
system. We have that λ meets each foot of the new (B,P ), and P − λ
is incompressible and ∂-incompressible in B − λ.
Suppose λ meets the third small foot. Then P − λ is incompressible
in B − λ. If P − λ is ∂-compressible in B − λ, then there is a properly
embedded disk ∆ in B− λ which meets a component E of P in an arc
α and ∂B − int P in an arc β such that ∂α = ∂β, ∂∆ = α ∪ β, and α
splits E into two disks each of which meets λ. Since E − λ is incom-
pressible in B−λ we must have that the two components of P −E are
separated from each other by ∆. We split (B,P ) along (∆, α) to obtain
two bipods (B′, P ′) and (B′′, P ′′). We have that (P ′∪P ′′)−λ is incom-
pressible and ∂-incompressible in (B′∪B′′)−λ. The exterior of the new
system is homeomorphic to that of the old system by a homeomorphism
which is the identity on the other components of ∂B − intP, and so
the new system is also poly-superb.
The feet discarded by our modifications are precisely the cold feet of
(B̂, P̂ ) ∩ (B,P). Some warm feet may be split into pairs of warm feet.
It follows that conditions (i), (ii), and (iii) of Lemma 5.2 are satisfied.
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Figure 2. The systems of frames in the pieces of J
Since each component of P̂ contains a warm foot condition (iv) is sat-
isfied. Since our modifications preserve poly-superbness condtions (v),
(vi), and (vii) are also satisfied.
Now suppose that we are in case 2(b). As in the previous case we
discard all small bipods with cold feet and get that conditions (i), (ii),
(iii), and (iv) are satisfied. Since each small bipod joins the two big
feet condition (v) is satisfied. Conditions (vi) and (vii) are vacuously
satisfied.
The result now follows from Lemmas 5.1 and 5.2. 
6. The construction of W
In this section we construct an R2-irreducible contractible open 3-
manifold W which covers a 3-manifold W# with pi1(W
#) ∼= Z. It will
be shown that S(W ) is a triangulation of R and hence every 3-manifold
non-trivially covered by W must have fundamental group Z.
Let P = D × [0, 3], where D is a closed disk. Let L− = D × [0, 1],
L+ = D× [1, 2], R = D× [2, 3], and Dj = D×{j} for j = 0, 1, 2, 3. Let
L = L− ∪L+. Attach a 1-handle H to P so that it joins ∂D× (0, 1) to
∂D× (1, 2), thus giving a solid torus J = P ∪H . Let J# be the genus
two handlebody obtained from J by identifying D0 and D3. Let P
# be
the solid torus in J# which is the image of P under the identification.
With the exceptions of J , J#, P , and P# we will usually use the same
symbol for subsets of J and their images in J#, relying on the context
for the meaning. Thus we write, for example, J# = P# ∪H .
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We next define a certain graph θ in J# as follows. See Figure 2 for
a schematic diagram of this construction.
Choose a poly-superb system of frames in L− consisting of a 3-frame
and two 2-frames. The 3-frame consists of arcs α−, ζ−, and ω− meeting
in a common endpoint in int L−. The other endpoints of α− and ζ−
lie in intD0. The other endpoint of ω
− lies in intD1. One 2-frame is
an arc γ− joining intD0 and int (L
− ∩H). The other 2-frame is an arc
ε− joining intD1 and int (L
− ∩H).
Let r be the homeomorphism r(x, t) = (x, 2 − t) from D × [0, 2] to
itself which reflects in the disk D1. We have that r(L
−) = L+. Denote
r(α−) by α+, etc. This defines a poly-superb system of frames in L+.
Next choose a poly-superb 2-tangle in H with components δ− and
δ+ such that ∂δ± = (γ±∪ε±)∩H . Then choose a poly-superb 3-tangle
in R with components β−, β+, and ρ, where ∂β± = (α± ∪ γ±)∩R and
∂ρ = (ζ− ∪ ζ+) ∩ R.
Let η be the arc α− ∪ β− ∪ γ− ∪ δ− ∪ ε− ∪ ε+ ∪ δ+ ∪ γ+ ∪ β+ ∪ α+,
λ the arc ω− ∪ ω+, and µ the arc ζ+ ∪ ρ ∪ ζ−. Set θ = η ∪ λ ∪ µ.
For each integer n ≥ 0 take a copy of each of these objects. Denote
the nth copy of Dj by Dn,j, that of each of the other objects by a sub-
script n. We regard the arcs and graphs with subscripts n as embedded
in the 3-manifolds with subscript n+ 1.
We embed J#n in int J
#
n+1 as follows. Ln is sent to N(λn, Ln+1).
Rn is sent to N(µn ∩ (P
#
n+1 − int Ln), P
#
n+1 − int Ln). Hn is sent to
N(ηn ∩ (J
#
n+1 − int Pn), J
#
n+1 − int Pn).
Now letW# be the direct limit of the J#n , and let p : W → W
# be the
universal covering map. Then pi1(W
#) is infinite cyclic. Let h : W →
W be a generator of the group of covering translations. We regard
p−1(P#n ) as Dn×R with Pn,j = Dn×[3j, 3j+3], L
−
n,j = Dn×[3j, 3j+1],
L+n,j = Dn × [3j + 1, 3j + 2], and Rn,j = Dn × [3j + 2, 3j + 3]. We set
Ln,j = L
−
n,j∪L
+
n,j . We have that p
−1(Hn) is a disjoint union of 1-handles
Hn,j, where Hn,j is attached to ∂Dn × (3j, 3j + 2), thereby yielding a
copy Jn,j = Pn,j∪Hn,j of Jn. Set Dn,k = Dn×{k} for k ∈ Z. For all the
objects with subscript n contained in Jn+1 denote the component of the
preimage contained in Jn+1,j by the subscripts n, j. We denote by the
same symbols ηn and µn the components of the preimages of ηn and µn
which meet ω+n . We assume that h is chosen so that h(Dn,k) = Dn,k+3
and the image under h of any other object with subscripts n, j has
subscripts n, j + 1.
We next describe certain families of quasi-exhaustions inW . Let P =
{p1, p2, . . . , pm} be a finite non-empty set of distinct integers with p1 <
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Figure 3. The embedding of CPn in C
P
n+1 for a good P
p2 < · · · < pm. We say that P is good if its elements are consecutive.
Otherwise P is bad. If m = 1, then P is automatically good.
For n ≥ 0 let CPn be the union of those Rn,j with p1 − 1 ≤ j ≤ pm,
those Ln,j with p1 ≤ j ≤ pm, and those Hn,p with p ∈ P. Each CPn is
a cube with m handles embedded in int CPn+1. In Figure 3 we give a
schematic diagram for the case of P = {p, p+ 1, p+ 2}.
The quasi-exhaustion {CPn }n≥0 is denoted by C
P ; its union is denoted
by V P . Whenever P is good and m > 1 we denote V P by V p,q, where
p = p1 and q = pm. When P = {p} we use the notation V p. The
expressions Cp,qn , C
p
n, C
p,q, and Cp are defined similarly.
7. Some properties of W
Given P = {p1, . . . , pm} and n > 0, let Y = CPn+1 − int C
P
n , p = p1,
and q = pm. If m > 1 set Z
− = Y ∩ (Rn+1,p−1 ∪ L
−
n+1,p), Z
+ =
Y ∩ (L+n+1,q ∪Rn+1,q), Z = Z
− ∪ Z+, and X = Y − Int Z.
Lemma 7.1. Y is irreducible and ∂-irreducible.
Proof. First consider the case m = 1. Then Cpn is a solid torus in C
p
n+1
with winding number zero. Any compressing disk for ∂Cn+1,p in Y
would be a meridinal disk for Cn+1,p. Since δ
−
n,p ∪ δ
+
n,p is poly-superb in
Hn+1,p we have that Hn,p ∩Ln,p ∩ Y is incompressible in Hn+1,p ∩Y . It
is incompressible in (Cn+1,p − IntHn+1,p) ∩ Y for homological reasons.
ThusHn+1,p∩Ln+1,p∩Y is incompressible in Y and thus so is ∂Cn+1,p. If
∂Cpn is compressible in Y , then the union of C
p
n and a 2-handle with core
the compressing disk is a 3-ball in Cpn+1, and so ∂C
p
n+1 is compressible
in Y , a contradiction.
Now suppose m > 1. Consider the surfaces Dn+1,k ∩ Y for 3p+ 1 ≤
k ≤ 3q + 1 and Hn+1,p ∩ L
±
n+1,p ∩ Y for p ∈ P. They split Y into
irreducible pieces. With the exception of Z± it follows from poly-
superbness that each of these pieces is superb, and so each of those
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surfaces contained in its boundary is incompressible and ∂-incompress-
ible. It follows that X is irreducible and ∂-irreducible. Z±∩X consists
of two disks with two holes, and ∂Z±−int (Z±∩X) = ∂(Z±∩X)×[0, 1].
Thus Z± ∩X is incompressible and ∂-incompressible in Z±. Thus the
result follows. 
Lemma 7.2. ∂CPn is incompressible in W − int C
P
n .
Proof. A compressing disk D must lie in Cr,sm − int C
P
n for some r ≤ p,
s ≥ q, and m > n. We can isotop D off compressing disks for ∂Cr,sm in
Cr,sm − int C
P
n so that it lies in C
P
m − int C
P
n . The result then follows
from the previous lemma. 
Lemma 7.3. If P is good and m > 1, then
(1) if A is an incompressible annulus in Y , then ∂A = ∂A′ for an
annulus A′ in ∂Y , and
(2) if T is an incompressible torus in Y , then T bounds a compact
3-manifold in Y .
Proof. (1) Put A in minimal general position with respect to X ∩ Z.
Let α be a component of A ∩ X ∩ Z. Then α is not a simple closed
curve bounding a disk in A.
Suppose α is an outermost arc on A, so ∂∆ = α ∪ β for an arc β in
∂A and a disk ∆ in A with ∆∩X ∩Z = α. If ∆ ⊆ X , then ∂∆ = ∂∆′
for a disk ∆′ in ∂X . then ∆∪∆′ bounds a 3-ball in X , and an isotopy
across it removes at least α from the intersection. If ∆ ⊆ Z, then β is
∂-parallel in one of the annuli comprising ∂Z − int (X ∩ Z); it follows
that one can again reduce the intersection. Thus α is not an arc.
So α is a simple closed curve. ∂A′ = α ∪ β for some annulus com-
ponent A′ of A ∩ X and some β in (A ∩ X ∩ Z) ∪ ∂A. Then A′ is
parallel in X to an annulus A′′ in ∂X . If A′′ lies in X ∩ Z, then we
can isotop to remove at least α ∪ β. If A′′ does not lie in X ∩ Z, then
either we can isotop to remove α or A′′ contains an annulus component
G of ∂X − int (X ∩ Z). We may assume that the centerline of G is a
meridian of β+n,q and that the component of X ∩ Z containing ∂A
′ is
F = Hn+1,q ∩ L
+
n+1,q ∩ Y . We may further assume that all the compo-
nents of A∩X are parallel to G and lie in Hn+1,q ∩Y . For homological
reasons all the components of A∩Z must have their boundaries in the
union of F and the two annulus components of ∂CPn ∩Z
+. In particu-
lar, ∂A lies in the union of these two annuli and so bounds an annulus
in their union with G.
Suppose A ∩ X ∩ Z = ∅. If A ⊆ X , then A is parallel in X to an
annulus A′ in ∂X with ∂A′ in ∂X − int (X ∩Z). It follows that A′ lies
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in ∂Y . If A ⊆ Z, then for homological reasons ∂A must lie in one of
the three annulus components of ∂Z± − int (X ∩ Z±).
(2) Suppose T is in minimal general position with respect to X ∩Z.
T cannot lie in X since it would be ∂-parallel in X , but ∂X has no tori.
If T lies in Z±, then since ∂Z± is connected T must bound a compact
3-manifold in Z±.
So we may assume that T∩Z 6= ∅. Let A be a component of T∩X . As
in the proof of (1) we may assume that A is parallel in X to an annulus
A′ in ∂X which contains an annulus component G of ∂X− int (X ∩Z)
whose centerline is a meridian of β+n,q and that all such components
are parallel to G and lie in Hn+1,q ∩ Y . All the components of T ∩ Z±
must have their boundaries in the component F of X∩Z± which meets
G. So T lies in (Hn+1,q ∪ L
+
n+1,q ∪ Rn+1,q) ∩ Y . Since this 3-manifold
has connected boundary T must bound a compact 3-manifold in its
interior. 
Lemma 7.4. V p does not embed in R3.
Proof. Since β+∪β−∪ρ is poly-superb in R we have that β+n,p is knotted
in Rn,p. The result then follows from [4]. 
Proposition 7.5. W is R2-irreducible. If P is good, then V P is R2-
irreducible.
Proof. It suffices to show that for each good P the quasi-exhaustion
CP of W satisfies conditions (1)–(3) of Lemma 2.1. When m = 1 this
follows from [9], so assume m > 1. Each CPn is a cube with handles, so
is irreducible. We have that ∂CPn is incompressible in W − int C
P
n and
that Y is ∂-irreducible and weakly anannular. 
Proposition 7.6. If P is bad, then V P is not R2-irreducible.
Proof. There is an s such that p < s < q and s /∈ P. We may assume
that the embedding of J#n in J
#
n+1 is such that Dn,1 ⊆ Dn+1,1 for all
n ≥ 0. Then Dn,3s+1 ⊆ intDn+1,3s+1 for all n ≥ 0. The union Π of
these disks is a plane which is proper in V P (but not in W !). V P − Π
has two components, one containing V p and the other containing V q.
Since V p and V q do not embed in R3 we have that Π is non-trivial in
V P . 
A classical knot space is a space homeomorphic to the exterior of a
non-trivial knot in S3.
Lemma 7.7. If P is good and m > 1, then every incompressible torus
T in V P − int CPn bounds a compact 3-manifold in V
P − int CPn .
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Proof. Assume that T is in minimal general position with respect to
∪m≥n∂CPm. If the intersection is empty then T lies in some Y and hence
bounds a compact 3-manifold in Y . If the intersection is non-empty,
then T meets a single ∂CPm. Each annulus A into which T ∩ ∂C
P
m splits
T must have ∂A = ∂A′ for an annulus A′ in ∂CPm.
Consider an A in S = CPm− int C
P
n . Let T
′ = A∪A′. Then T ′ = ∂Q′
for a compact 3-manifold Q′ in CPm. We may assume that Q
′ ∩ T = A.
Let Ŝ and ĈPm be obtained by adding a collar C to these 3-manifolds in
V P − int CPm. We may assme that T meets C in a product annulus. If
T ′ is incompressible in Ŝ, then Q′ lies in S. If T ′ is compressible in Ŝ,
then since Ŝ is irreducible T ′ bounds a solid torus or a classical knot
space in Ŝ. This must be Q′. So in either case Q′ lies in S. Let T ′′ be
the torus obtained from T by replacing A by A′. Then T ′′ = ∂Q′′ for a
compact 3-manifold Q′′ in V P . If T ′′ is incompressible in V P − int CPn ,
then by induction Q′′ lies in V P − int CPn . If T
′′ is compressible in
V P − int CPn , then by irreducibility T
′′ bounds a solid torus or classical
knot space in V P− int CPn . This must be Q
′′. So in either case Q′′ is in
V P − int CPn . If Q
′ ∩Q′′ = A′, then T = ∂(Q′ ∪ Q′′). If Q′ ∩Q′′ 6= A′,
then Q′ ⊆ Q′′, and T = ∂(Q′′ − IntQ′). 
Proposition 7.8. V P has finite genus. It has genus one if and only if
P has exactly one element.
Proof. V P has genus at most m. Since V p does not embed in R3
the genus of V P must be at least one. So if m = 1, then V p has
genus one. Now suppose m > 1. If V P has genus one, then it has
a good exhaustion {Kn}n≥0 by solid tori. Choose n and k such that
K0 ⊆ int CPn and C
P
n ⊆ intKk. Then since ∂Kk is incompressible in
V P−intK0 it is incompressible in the smaller space V P−int CPn and so
bounds a compact 3-manifold in this space, which is impossible. Thus
V P has genus greater than one. 
8. The complex of end reductions of W
Theorem 8.1. Every V P is an end reduction of W at each CPn .
Proof. We know that V P is end irreducible rel CPn in W . Clearly W −
V P has no components with compact closure. Suppose N is a regular
3-manifold in W such that CPn ⊆ intN and ∂N is incompressible in
W − CPn . Then N ⊆ int C
r,s
m for some r ≤ p, s ≥ q, and m > n.
We isotop ∂N off a complete set of compressing disks for ∂Cr,sm in
Cr,sm − int C
P
n so that N lies in C
P
m. This can be done with compact
support in W − int CPn . Running the isotopy backwards causes V
P to
engulf N . 
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Theorem 8.2. Let V be an end reduction of W at J , where J ⊆
int CQn . Then V is isotopic to V
P for some P ⊆ Q
Proof. We may assume that V is an end reduction of W at a knot
κ ⊆ int J . Let P be a minimal subset of Q such that, up to isotopy,
κ ⊆ int CPn for some n. Let D be the union of the set of co-cores of the
1-handles Hn,p with p ∈ P. Then κ is D-busting in CPn .
If m = 1, then clearly κ is disk busting in Cpn, so assume m > 1.
We let Ê be the union of the attaching disks for the Hn+1,p with
p ∈ P and the Dn+1,j with 3p1 + 1 ≤ j ≤ 3pm + 1. Let E = Ê ∩ CPn .
We may assume that D ⊆ E . The conditions of Proposition 5.3 are
satisfied, so κ is disk busting in CPn+1. It follows that V is isotopic to
V P . 
Theorem 8.3. V P and V Q are isotopic if and only if P = Q.
Proof. We first consider the case P = {p}, Q = {q}, p < q. V p is an
end reduction ofW at a knot κ in Cp0 . Let τ be the track of κ under an
isotopy taking V p to V q and κ to κ′. Then τ ⊆ int Cr,sn for some r ≤ p,
q ≤ s, and n ≥ 0. By the covering isotopy theorem [2, 3] there is an
ambient isotopy of κ with track τ which has compact support in Cr,sn .
Let D be an attaching disk for Hn,p. Then κ is D-busting in C
r,s
n , but
κ′ is not. This is impossible since the isotopy is the identity on ∂Cr,sn .
Now consider the general case. Suppoes p ∈ P and p /∈ Q. Then
V p is isotopic to V R for some R ⊆ Q. Then we must have R = {r},
where r 6= p, a contradiction. 
Theorem 8.4. V P is minimal if and only if P has exactly one element.
Proof. V p is clearly minimal. If m > 1, then V P contains V p which is
not homeomorphic to V P since they have different genera. 
Theorem 8.5. S(W ) is isomorphic to a triangulation of R.
Proof. The vertices of S(W ) are the [V p], p ∈ Z. We have that [V p]
and [V p+1] are joined by the edge [V p,p+1]. Every end reduction of W
contained in V p,p+1 is isotopic to V p, V p+1, or V p,p+1. If V is an end
reduction of W which contains representatives of V p and V q, where
p < q, then V is isotopic to V P , where p, q ∈ P. If P 6= {p, q}, then
V P contains some V r, p 6= r 6= q, so [V ] is not an edge joining [V p]
and [V q]. If P = {p, q} and q > p + 1, then P is bad, so V is not
R2-irreducible, so again [V ] is not an edge. The result follows. 
Corollary 8.6. If W is a non-trivial covering space of a 3-manifold
M , then pi1(M) ∼= Z.
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Proof. This follows immediately from Theorem 8.5 and Corollary 3.4.

9. Uncountably many W
Theorem 9.1. There are uncountably many pairwise non-homeomor-
phic W each of which has all the properties of sections 7 and 8.
Proof. Recall that all of the genus one end reductions V p of a fixed
W resulting from our construction are homeomorphic. We will modify
our construction to obtain uncountably manyW such that different W
have non-homeomorphic V p.
In our construction ofW# we used a copy of the same 2-tangle δ−∪δ+
in H for each 2-tangle δ−n ∪ δ
+
n in Hn+1. We will now change this so
that the 2-tangle depends on n.
We say that a 3-manifold Q is incompressibly embedded in a 3-
manifold X if Q ⊆ X and ∂Q is incompressible in X .
Lemma 9.2. Given an excellent classical knot space Q, there is a
poly-superb 2-tangle τ in a 3-ball B with exterior X such that Q is
incompressibly embedded iin X and every incompressible torus in X is
isotopic to ∂Q.
Proof. Let B0 and B1 be 3-balls. Let Di be a disk in ∂Bi. Let Ai be an
annulus in intDi. Let Fi be the annulus component of Di− intAi; let
Ei be the disk component. Let λ
−
i ∪ λ
+
i ∪ µ
−
i ∪ µ
+
i be a poly-excellent
4-tangle in Bi. We require that λ
±
0 join ∂B0− intD0 to int F0, µ
±
1 join
int F1 to intE1 , µ
±
0 join E0 to itself, and λ
±
1 join intE1 to ∂B1−intD1.
We now glue B0 to B1 by identifying F0 ∪ E0 with F1 ∪ E1 in such a
way that λ±0 ∪ µ
±
1 ∪ µ
±
0 ∪ λ
±
1 is an arc δ
±. By Lemma 2.1 δ− ∪ δ+ is
a poly-excellent system of two arcs in a 3-ball minus the interior of an
unknotted solid torus with boundary A0 ∪A1. We then glue Q to this
space by identifying ∂Q with A0∪A1 so that a meridian of Q is glued to
∂E0 = ∂E1. The result is a 3-ball B cnotaining a 2-tangle τ = δ
−∪ δ+.
Standard arguments then complete the proof. 
Recall that V p is the monotone union of solid tori Cpn, where C
p
n =
Rn,p−1 ∪ Ln,p ∪ Rn,p ∪ Hn,p. Let Gn,p = Rn,p−1 ∪ Ln,p ∪ Rn,p, Yn+1,p =
Cn+1,p−int Cn,p, Xn+1,p = Yn+1,p∩Hn+1,p, and Zn+1,p = Yn+1,p∩Gn+1,p.
Note that for all n and p the spaces Zn+1,p are homeomorphic. It
thus follows from the Jaco-Shalen-Johannson characteristic submani-
fold theory [6, 7, 8] that there are, up to homeomorphism, only finitely
many excellent classical knot spaces which incompressibly embed in
Zn+1,p. Denote this set by N .
22 ROBERT MYERS
Let Y be the set of all homeomorphism types of excellent classical
knot spaces which are not in N . For each infinite subset S of Y we
construct a W as follows. Choose a bijection of S with the set N of
natural numbers. For each n ∈ N use the corresponding knot space
Qn in the construction of the 2-tangle τn in the previous lemma. Then
use τn for δ
−
n−1 ∪ δ
+
n−1 in Hn. It follows that for each n ≥ m ≥ 0 we
have that Qpn+1 is incompressibly embedded in V
p − int Cpm.
Lemma 9.3. Suppose Q ∈ Y and Q is incompressibly embedded in
V p − int Cpm. Then Q ∈ S.
Proof. Since Q is excellent it can be isotoped off ∪n>m∂Cpn. It then lies
in some Yn+1,p. Since each Xn+1,p is superb it can then be isotoped off
Xn+1,p∩Zn+1,p. Since Q /∈ N it must lie in Xn+1,p and thus be isotopic
to Qpn+1. 
Now suppose that W ′ is constructed using S ′. Drop p from the
notation and denote the corresponding submanifolds of W and W ′ by
V and V ′, Cn and C
′
n, etc.
Lemma 9.4. If V and V ′ are homeomorphic, then there are finite
subsets S0 of S and S ′0 of S
′ such that S − S0 = S ′ − S ′0.
Proof. Suppose h : V → V ′ is a homeomorphism. Choosem and k such
that h(C0) ⊆ int C ′m and C
′
m ⊆ int h(Ck). Then for all n ≥ k we have
that h(∂Cn) is incompressible in V
′ − int h(C0) and hence is incom-
pressible in the smaller space V ′ − int C ′m. It follows that h(Qn+1) is
isotopic in this space to some Q′j+1 with j ≥ m. Let A = {Q1, . . . , Qk}.
Then S − A ⊆ S ′. A similar argument using h−1 yields a finite set
A′ ⊆ S ′ such that S ′ − A′ ⊆ S. We then let S0 = A ∪ (S ∩ A′) and
S ′0 = A
′ ∪ (S ′ ∩ A). 
Define an equivalence relation on the set of infinite subsets of Y by
setting S ∼ S ′ if S − S0 = S ′ − S ′0 as in the lemma. Each equivalence
class has only countably many elements, and so there are uncountably
many equivalence classes. It follows that there are uncountably many
non-homeomorphic V and hence uncountably many non-homeomorphic
W . 
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